Abstract-This paper analyzes ferrofluid squeeze film for spherical and conical bearings with a constant external magnetic field applied in the direction transverse to that of fluid flow. However, in this analysis, which accounts for the rotation of magnetic particles, no restriction is imposed on magnetization vector. The governing equations of motion are nonlinear coupled equations and are solved using perturbation method in terms of non-dimensional Brownian relaxation time parameter. The effect of magnetic fluid parameters on various bearing characteristics is studied numerically.
INTRODUCTION
Ferrofluids are stable colloidal suspensions of very fine magnetic particles in a viscous fluid (carrier fluid). Such fluids can be positioned, confined or controlled at desired places under externally applied magnetic field. The external magnetic field also gives rise to an increase in effective viscosity of ferro solutions [l] . This has led to increasing application of ferrofluids as lubricants in bearings. In recent years, several authors have theoretically investigated characteristics of various bearing configurations using ferrofluid lubricants [2-91. In particular, Verma [5] studied squeeze film between two rectangular parallel plates with lower plate being porous. It may be pointed out here that most of the above mentioned studies are based on the model of Neuringer and Rosensweig [lo] which assumes that the magnetization vector is parallel to the applied magnetic field. This restriction is relaxed in the model of Shliomis [ll] which takes into account the particle rotation also. Thus, Shukla and Kumar [8] studied characteristics of infinitely long squeeze film and slider bearing; while, Kumar and Chandra [9] analysed squeeze film with non-Newtonian magnetic fluids, using Shliomis model when external field is transversely applied. However these analyses are restricted for small magnetization vector such that the product terms of magnetization vector could be neglected.
In the present paper, we have studied ferrofluid squeeze film for spherical and conical bearings using perturbation analysis. The rotation of magnetic particles has been accounted for, by using the governing equations given by Shliomis [ll] , and no restriction is placed on magnetization vector. However, the applied magnetic field is assumed to be constant and imposed in the direction transverse to the fluid flow.
GOVERNING EQUATIONS
In recent years various theoretical models have been put forward to study the continuum description of ferrofluid flow. However, most of the analytical studies concerning the motion of ferrofluids are based on the formulation given by either Neuringer and Rosensweig [lo] or Shliomis [ll] . Neuringer and Rosensweig [lo] developed a fairly simple model where the effect of magnetic body force was considered under the assumption of magnetization vector M being parallel to the magnetic field vector H. Shliomis [ll] in his formulation removed this assumption. Further, he pointed out that the magnetic particles in the fluid have Brownian motion and their rotation affects the motion of ferrofluids. Thus, Shliomis derived the equation of motion for ferrofluids by considering internal angular momentum S due to the self-rotation of particles. These equations governing the flow are given as follows [ll] : where I is sum of moments of inertia of the particles per unit volume, rs is Relaxation time parameter, r, is Brownian relaxation time, and pclo is permeability of free space. For steady viscous flow of a ferrofluid equations (l)- (3) on ignoring inertial and angular dispersion terms reduce to [12] -VP+~V2U+~o(M4')H+$Vx(S-IR)=0 (5)
H tB M=M,K+I(SXM)
Substituting equation (6) in equation (5) gives
While using equations (6) and (7), we get
SPHERICAL BEARING
In this section we consider steady viscous flow of an incompressible ferrofluid between two spherical surfaces in relative normal motion (Fig. 1) . A constant magnetic field is applied in a direction transverse to the motion of the fluid. The clearance C (the difference between the radii, i.e. R2 -RI) between the two spherical surfaces is small compared to the radius of the inner sphere. The inner sphere moves downwards with a normal velocity V, towards the external stationary sphere. The velocity V,, which in general, is imparted by the load W, is considered constant in magnitude and direction, but is a function of time. The bearing is assumed infinitely long in axial direction and the film thickness is small compared to the radius, so the curvature of the fluid film is neglected. Therefore the necessity of using cylindrical coordinates is eliminated and the Cartesian coordinate system can be used with X = RIO.
Further, to simplify the analysis, we make following assumptions as considered by Walker and Buckmaster [3] and Shukla and Kumar [8] :
(i) The plates are non-magnetic and non-conducting so that applied field is not modified.
(ii) Magnetization in the ferrofluid is negligible compared to the applied magnetic field, i.e. 1MI << lH1. The ferrofluid is saturated so that M,, does not depend upon the applied magnetic field. Thin film lubrication approximations are valid so that the derivatives of velocity, magnetization etc. along the film are negligible in comparison to their derivative across the film. under the above assumptions, the equations governing steady viscous flow of ferrofluid [11, 12] reduce to the following form in the present case;
where M = (Ml, 0, M,), U is the velocity in axial direction, P is the pressure in the film, Ho is applied magnetic field strength and is constant, MO is equilibrium magnetization, tg Brownian time relaxation parameter, rS is relaxation parameter due to rotation. Boundary conditions for the velocity are (lo)- (14) is given by dp 
Using above perturbation scheme, and eliminating magnetization vector components of different orders, we obtain following equations governing velocity component ui of different orders: 
In order to get squeeze time, we revert back to the dimensional form of equation (40), which is 
equation (41) 
To find squeeze time we first solve equation (43) for ds/di, numerically, by giving initial approximation of dsldi as (da/di at r LO) i.e. for non-ferromagnetic case. Then time i is obtained by using Simpson's rule:
where F = l/(ds/di) has been evaluated numerically at different mesh points (Ae is the interval length).
CONICAL BEARING
In this section we shall study the flow of an incompressible ferrofluid in conical bearing for the case of pure squeezing (Fig. 2) . A constant magnetic field is applied transversely to the motion of the fluid. The squeeze velocity V. is assumed constant in magnitude and direction.
Introducing the following non-dimensional variables: non-dimensional form as follows: dp a% NamlzO To find squeeze time, equation (59) is first solved for dhldt numerically by giving initial approximation of dh/dt (d&/d? at t = 0) for different values of h. These values of dild? are subsequently used to find squeeze time using Simpson's rule.
RESULTS AND DISCUSSION
The bearing characteristics obtained in Sections 3 and 4 contain the non-dimensional ferrofluid parameters N, r, A [as defined in equations (16) and (44)] and N*, t* [defined in equations (42) and (58)]. Taking representative values of various quantities, we obtain N, N* -104; r, r* -10e4 and A -1 in both the cases.
It may be noted that for a given bearing configuration any change in applied magnetic field strength Ho is reflected through N or N*. Similarly a change in r(t*) is a consequence of change in Brownian relaxation time parameter rE, whereas increase in A can be either due to increase in rs (relaxation time of particle rotation due to frictional resistance of fluid) or decrease in 1 (sum of moment of inertia per unit volume). Obviously, therefore as t and N increase, departure from Newtonian fluid theory will be enhanced. This effect is elaborated in the following results.
In the absence of applied magnetic field the parameter N becomes zero and the results similar to Newtonian theory are obtained. Another limiting case is that when Brownian relaxation time parameter re is zero, which again gives rise to Newtonian case, however when A = 0, results do not reduce to the Newtonian case. The effects of various dimensionless parameters on spherical and conical bearing characteristics have been numerically studied. As the effect of ferrofluid parameters in the two cases is observed to be qualitatively similar, we present here results for spherical bearings only.
(i) Pressure distribution and load capacity
Non-dimensional pressure distribution p is plotted versus 8 in Figs 3 and 4 for different values of N, A and r. Since the pressure curve is symmetric about 8 = 0 in spherical bearings so its variation has been shown from 8 = 0 to 3c/2. In Fig. 3 , variation of pressure distribution for N and t is shown for A = 0 and E (eccentricity ratio) = 0.3, whereas in Fig. 4 variation of A and film thickness is shown for fixed values of N (=0.5 X 104) and t (=0.5 X 10e4). It is seen from significant quantitative increase, especially in the pressure peak region, as N and t increase. It is observed on comparing curves (l), (2) and (2), (3) of Fig. 3 that the effect of increase of r gets enhanced as the applied magnetic field becomes stronger. From Fig. 4 it is seen that as film thickness decreases pressure distribution increases. It is also noted from Fig. 4 that as A increases pressure initially decreases and then shows an increasing trend. This effect will be further highlighted in Fig. 7 for load.
Non-dimensional load capacity is plotted vs t in Figs 5 and 6 and vs A in Fig. 7 . In Fig. 5 effect of N on load capacity is shown for A = 0, while in Fig. 6 effect of A on load capacity is shown for fixed N. It is seen from Fig. 5 , that the increase in load capacity with respect to r remains almost linear. Further, as film thickness decreases (i.e. E increases) increase in load capacity is more with N and t. From Fig. 6 , it is noted that for fixed N and film thickness, as A increases load capacity decreases initially, then increases slowly up to approximately r = 0.3 x lop4 there after increase in load capacity is sharp with respect to t. The variation of load vs r does not remain linear for higher values of A. The effect of variation of A on load capacity is further elaborated in Fig. 7 . For fixed N and t, as A increases load capacity decreases initially, attains a minimum for some A and increases subsequently. This effect is obvious from the expressions of load capacity which gives that minimum value of W is at A=1 2Nr.
This increase or decrease in load capacity with respect to A becomes steeper as N and t increase.
(ii) Squeeze time
Time height relationship is shown in Fig. 8 for different values of N* and r*. It may be noted here that squeeze time increases with the increase in N* and t*, which is a consequence of increase in pressure and load capacity with the increase in Ho and rB. Further it is observed that for higher values of N* and r*, time-height relationship has a predominant departure from the Newtonian case. Squeeze time vs A is shown in Fig. 9 , for different values of N* and r* as the upper plate approaches the lower one from fi = 0.9 (E = 0.5) to h = 0.1 (E = 0.9). The behaviour of squeeze time with A remains similar to that in the case of load. By increasing N* and t*, the decrease and increase in squeeze time becomes sharper as A increases.
